Since E"-is zero unless m divides n, we shall write e" for E™ n . Leeming and MacLeod [12] recently gave some congruences for these numbers. We shall develop here some properties of the generalized Euler numbers that enable us to go significantly beyond conjectures (CI) -(C4). In particular we shall prove: for ail A: ^ 1. (Leeming and MacLeod stated that e n = 4 (mod 7 ) for « = 11 and 13. This is apparently a computational error.)
In the next section we prove a congruence of Jacobsthal [1] for binomial coefficients, and use it to prove (1.4). In the rest of the paper we show how the properties of the difference table of e" can be used to find congruences of the form of (1.1). A list of these congruences is given in Section 5. We shall show that for any m and any prime/?, there is ay" such that for any k and any /, r± e™+ t is congruent (mod p k ) to a polynomial in n for n sufficiently large. In particular, if m is of the form/?" orp a -p h , we may take j = 1. This explains why Leeming and MacLeod found congruences (mod 16) for m = 2 k and m = 3, 6, 7, 12, 14, and 15, but not for m = 5 or m = 9. Theorem 2.1 does not always give a best possible congruence. For example, we shall see that e n = e" (mod 64).
A congruence for binomial coefficients.
Lemma A follows from a congruence apparently found first by Jacobsthal [1] , and later (in varying degrees of generality) by Kazandzidis [10] and Trakhtman [17] . Since these proofs may not be easily accessible, and since this congruence has other applications (see, for example, [8] ), we give here a self-contained proof.
For the rest of this section, let /? be a prime and let ft be 2, 1, or 0 according to whether p is 2, 3, or greater than 3. Let b be an integer divisible by/?^, ft = 1. Let S be the set of integers from 1 to b not divisible by/?. We shall work in the ring of ^-integral rational numbers; thus, Next we consider the case a > j8 = y. As before, we find that The restriction that a is nonnegative may be removed by using the identity
(r)-<->^ (-:')•
It may be noted that Jacobsthal's and Trakhtman's congruences are stronger than Theorem 2.2. They express the residue modulo a higher power of/? in terms of Bernoulli numbers.
Combinatorial approaches to congruences like Theorem 2.2 have been taken by Rota and Sagan [13] and Smith [14] . However the moduli in their congruences are smaller powers of/?.
Lemma A follows immediately from Theorem 2 for p ¥^ 2. For p = 2, we must show that
Since at least one of a, b, and a -b is even, we have 
(2)
Note that the sums are really finite since I , I = 0 for & > «.
An easy proof of Lemma 3.1 follows from the fact that (a) and (b) are equivalent to
Now let A be the difference operator defined by f(n+j)= 2 (;)AY (7).
The successive differences of/ are easily computed in a difference To prove these congruences we need theorems which guarantee that the divisibility patterns we have observed will continue. In the next section we prove these theorems. i.e., C n = 2 (l)(A k B n -k ).
Some Kummer congruences.
Instead of (4.3) we could have considered the slightly more general congruence
for some integer c.
Our next theorem describes how ^-secting a sequence increases the power of p in its Kummer congruence. Proof Let us set q = p s -p r -Then we may write (4.5) symbolically as where/(A) is a polynomial in A, and hence (4.9) follows from (4.6).
We now give the analogs of Theorems 4.1, 4.2, and 4.3 in which p s -p r is replaced by p s . We omit the proofs of these theorems, which are similar to the proofs just given (but a little easier). The theorems we have proved can be applied to a number of generating functions of combinatorial and number-theoretic interest, such as
2^-y / Sc-ir^-y .
(mn)\ and However, we shall consider here only their application to generalized Euler numbers. The case r = 0 of Theorem 5.1 was found by Carlitz [2] , who used an
Applications to generalized Euler numbers. Applying the theorems of Section 4 to the generalized Euler numbers
explicit (but complicated) formula for e n in his proof. It turns out that those of the second form seem to be better in that cj is divisible by a higher power of 2 than the 2 J guaranteed by Theorem 5.3. In our applications of Theorem 5.1 we will sometimes find empirically that is divisible by p to a power greater than guaranteed by our theorems. In order to prove the congruences suggested by the data, we need to ascertain that the observed divisibility holds for all sufficiently large k. In these situations the following lemma is useful: Carlitz [6] showed that e^ = e™ = \ -2n + 8^) (mod 16), and asked for the largest power of 2 dividing e n -e n for all n. ).
This implies (1.1). ).
6. Observations. Although the theorems of Section 5 sometimes give best possible congruences, in many cases they do not. This is most evident for p = 2, but is also true for other primes. Frobenius [7] (see also [4] ) proved that the power of 2 dividing A"4 2) = 2(-D-^W Frobenius's proof for s = 1 does not seem to generalize, as it uses a relation between e n and the Bernoulli numbers. An even stronger result appears to be true: Let For/? = 2 and m of the form 2* -2\ the powers of 2 occurring in our congruences are generally greater than expected from the theorems of Section 4, although there seems to be no simple pattern. It is surprising that the most unexpectedly large powers of 2 appear for m = 14.
